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Abstrat.
We investigate the initial-value problem of the non-linear Liouville hierarhy. For the general
form of the interation potential we onstrut an expliit solution in terms of an expansion over
partile lusters whose evolution is desribed by the orresponding-order umulant of evolution
operators of a system of nitely many partiles. For the initial data from the spae of integrable
funtions the existene of a strong solution of the Cauhy problem is proved.
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1 Introdution
The nonlinear Liouville hierarhy that desribes the evolution of orrelation funtions, arises
in many problems of statistial mehanis onerning many-partile systems [1, 2, 7℄. However,
today it is still insuiently studied from the mathematial point of view.
It is well known [4℄, that all possible states of a lassial system of a nite number of partiles
are desribed by the funtions interpreted as probability density funtions. These funtions are
solutions of the initial-value problem of the Liouville hierarhy  the rst-order partial dierential
equations, whose harateristi equations are Hamilton equations. If the state of a system is
presented in terms of a luster expansion in new (orrelation) funtions one evidently obtains an
equivalent desription of this state. Now evolution of the orrelation funtions is determined by
the nonlinear Liouville hierarhy  ertain nonlinear rst-order partial dierential equations.
In this paper an expliit solution of suh nonlinear equations is onstruted and presented as an
expansion in terms of partile lusters whose evolution is desribed by a umulant (semi-invariant)
of the evolution operators. The latter are determined by the solutions of the harateristi
equations of the linear Liouville equation, i.e., the Hamilton equations. The interation potential
of the general form is onsidered, whih makes it possible to desribe the general struture of the
generator of the nonlinear Liouville hierarhy. The existene of a strong solution of the Cauhy
problem with initial data from the spae of integrable funtions is proved. A formal treatment
of the nonlinear Liouville hierarhy for the ase of a pairwise interation potential, was given by
Bogolyubov and Green [1, 2℄.
It should be noted that the nonlinear Liouville hierarhy is basi in the substantiation of
the derivation of the nonlinear Bogolyubov hierarhy [2℄ whose solutions desribe the orrelation
dynamis of innite systems of partiles. Moreover, this onerns the mathematial substantiation
of the orrelation-weakening priniple. The orrelation funtions may be employed to diretly
alulate the spei harateristis of the system, i.e., utuations, dened as the average values
of the square deviations of an observable from its average value, as well as marosopi values
whih are not averages of observables. The onstrution of the nonlinear Bogolyubov hierarhy
and the analysis of the solutions thereof for on the basis of the results obtained here will be given
in an other paper.
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2 Initial-Value Problem of Nonlinear Liouville Hierarhy
Let us onsider a system of non-xed number of idential partiles with phase oordinates xi =
(qi, pi) ∈ R
ν × Rν , ν ≥ 1. The relevant Hamiltonian is given by the formula
Hn =
n∑
i=1
p2i
2 +
n∑
k=1
n∑
i1<i2<...<ik=1
Φk(qi1 , qi2 , . . . , qik),
where Φk is the k-th-order interation potential. In what follows we assume that the interation
potential Φk, k ≥ 1, satises the neessary onditions whih provide the existene of global in
time solutions of the Hamilton equations.
The state of the system an be desribed by a sequene g(t) = (0, g1(t, x1), . . .
. . . , gn(t, x1, . . . , xn), . . .), of orrelation funtions gn(t, x1, . . . , xn) dened on the phase spae
R
νn × Rνn, ν ≥ 1 and symmetri with respet to the permutations of arguments x1, . . . , xn.
The evolution of the states of the above system is desribed by the initial-value problem of
the nonlinear Liouville hierarhy
d
dt
gn(t, Y ) = (−L|Y |(Y ))gn(t, Y ) +
+
∑
P:Y=
S
i
Xi
|P|>1
∑
Zi⊂Xi
(
−Lint
|
|P|S
i=1
Zi|
( |P|⋃
i=1
Zi
)) ∏
Xi⊂P
g|Xi|(t,Xi), (1)
gn(t, Y )
∣∣
t=0
= gn(0, Y ), n ≥ 1, (2)
where the following notation is used Y ≡ (x1, . . . , xn), |Y | = n denotes the number of elements
of the set Y ,
∑
P:Y=
S
i
Xi
is the sum over all possible (in this ase) deompositions P of the set Y into
|P| nonempty mutually disjoint subsets,
∑
Zi⊂Xi
- is the sum over all nonempty subsets Zi ⊂ Xi.
The Liouville operator Ln for the Hamiltonian Hn is desribed by the formulas
Ln ≡ Ln(x1, . . . , xn) =
n∑
i=1
〈pi,
∂
∂qj
〉+
n∑
k=2
n∑
i1<i2<...<ik=1
Lintk (xi1 , xi2 , . . . , xik), (3)
Lintk (xi1 , xi2 , . . . , xik) = −
n∑
j=1
〈
∂
∂qj
Φk(qi1 , qi2 , . . . , qik),
∂
∂pj
〉,
where 〈·, ·〉 - is the salar produt.
The simplest examples of the nonlinear Liouville hierarhy are given by:
d
dt
g1(t, x1) = −L1(x1)g1(t, x1),
d
dt
g2(t, x1, x2) = −L2(x1, x2)g2(t, x1, x2)− L
int
2 (x1, x2)g1(t, x1)g1(t, x2),
d
dt
g3(t, x1, x2, x3) = −L3(x1, x2, x3)g3(t, x1, x2, x3) +
+
(
− Lint2 (x1, x2)− L
int
2 (x1, x3)− L
int
3 (x1, x2, x3)
)
g1(t, x1)g2(t, x2, x3) +
+
(
− Lint2 (x1, x2)− L
int
2 (x2, x3)− L
int
3 (x1, x2, x3)
)
g1(t, x2)g2(t, x1, x3) +
+
(
− Lint2 (x1, x3)− L
int
2 (x2, x3)− L
int
3 (x1, x2, x3)
)
g1(t, x3)g2(t, x1, x2) +
−Lint3 (x1, x2, x3)g1(t, x1)g1(t, x2)g1(t, x3).
2
We note that in the ase of a pairwise interation potential, (k = 2), the nonlinear Liouville
hierarhy (1) is simpler. For example, expression for g3(t) does not ontain members with L
int
3 .
This ase was onsidered by Green [2℄.
In this work the solution (1)-(2) is shown to be given by the formula
gn(t, Y ) =
∑
P:Y=
S
i
Xi
A|P|(t, YXi)
∏
Xi⊂P
g|Xi|(0,Xi), (4)
where Y = (x1, . . . , xn), YXi ≡ (X1, . . . ,X|P|),
∑
P:Y=
S
i
Xi
 the sum of all possible (in this ase)
deomposition P of the set Y into |P| nonempty mutually disjoint subsets Xi. The evolution
operator A|P|(t) i.e., the umulant (semi-invariant) of the order |P| is given by the expression
[3, 5℄
A|P|(t, YXi) =
∑
P
′
: YXi=
S
k
Zk
(−1)|P
′
|−1(|P
′
| − 1)!
∏
Zk⊂P
′
S|Zk|(−t, Zk). (5)
The evolution operators Sn(−t), n ≥ 1, are given by(
Sn(−t)gn(0)
)
(x1, . . . , xn) = gn
(
0,X1(−t, x1, . . . , xn), . . . ,Xn(−t, x1, . . . , xn)
)
, (6)
where {Xi(−t, x1, . . . , xn)}
n
i=1 is the solution of the relevant initial-value problem for the Hamilton
equations. The properties of a group of evolution operator (6) are desribed in [6℄.
Let us onsider the simplest examples of expansions (4) with the following notation: the
argument xi ∪ xj implies, that two partiles i-th and j-th evolve as a luster. Thus, if the
arguments of the operator are lusters, they enter on equal terms the expansions in series of the
evolution operators Sn(−t), the order of the umulant being equal to the number of its luster
arguments .
g1(t, x1) = A1(t, x1)g1(0, x1),
g2(t, x1, x2) = A1(t, x1 ∪ x2)g2(0, x1, x2) + A2(t, x1, x2)g1(0, x1)g1(0, x2),
g3(t, x1, x2, x3) = A1(t, x1 ∪ x2 ∪ x3)g3(0, x1, x2, x3) + A2(t, x1, x2 ∪ x3)g1(0, x1)g2(0, x2, x3) +
+A2(t, x1 ∪ x3, x2)g1(0, x2)g2(0, x1, x3) + A2(t, x1 ∪ x2, x3)g1(0, x3)g2(0, x1, x2) +
+A3(t, x1, x2, x3)g1(0, x1)g1(0, x2)g1(0, x3),
where, for example, the umulants (5) are given by
A2(t, x1 ∪ x2, x3) = S3(−t, x1, x2, x3)− S1(−t, x3)S2(−t, x1, x2)
A3(t, x1, x2, x3) = S3(−t, x1, x2, x3)−
−S1(−t, x1)S2(−t, x2, x3)− S1(−t, x2)S2(−t, x1, x3)− S1(−t, x3)S2(−t, x1, x2) +
+2!S1(−t, x1)S1(−t, x2)S1(−t, x3).
Formally, the nonlinear Liouville hierarhy (1) an be derived from the sequene of (linear)
Liouville equations whih desribe the evolution of all possible states of the system of non-xed
number of partiles (the sequene D(t) = (1,D1(x1), . . . ,Dn(x1, . . . , xn), . . .), with the funtion
Dn(t) being regarded as the density of probability distribution of the n-partiles system) [4℄
∂Dn(t)
∂t
= −LnDn(t),
Dn(t)
∣∣
t=0
= Dn(0), n ≥ 1,
3
provided the state of the system is desribed in terms of orrelation funtions, i.e.,
gn(t, Y ) =
∑
P:Y=
S
i
Xi
(−1)|P|−1(|P| − 1)!
∏
Xi⊂P
D|Xi|(t,Xi), (7)
or at the initial time instant
gn(0, Y ) =
∑
P:Y=
S
i
Xi
(−1)|P|−1(|P| − 1)!
∏
Xi⊂P
D|Xi|(0,Xi), n ≥ 1, (8)
where Y ≡ (x1, . . . , xn),
∑
P
is the sum over all deompositions P of the set Y into |P| nonempty
mutually disjoint subsets Xi.
For example,
g1(t, x1) = D1(t, x1),
g2(t, x1, x2) = D2(t, x1, x2)−D1(t, x1)D1(t, x2).
The solution (4) of the initial-value problem (1)-(2) an be formally derived from(7) and (8)
provided one takes into aount that, within the ontext of (8), we have
D|Xi|(0,Xi) =
∑
P2:Xi=
S
k
Zk
∏
Zk⊂P2
g|Zk|(0, Zk).
Then, inasmuh as the solution of the Liouville equation is given by
Dn(t) = Sn(−t)Dn(0),
where Sn(−t) is determined by the solutions of Hamiltonian equations aording to (6), we have
gn(t, Y ) =
∑
P1: Y=
S
i
Xi
(−1)|P1|−1(|P1| − 1)!
∏
Xi⊂P1
×
×S|Xi|(−t,Xi)
∑
P2:Xi=
S
k
Zk
∏
Zk⊂P2
g|Zk|(0, Zk). (9)
Having olleted in (9) the terms with similar produt of funtions g|Zk|(0, Zk), one obtains (4).
3 The existene theorem for the initial-value problem of the nonlinear
Liouville hierarhy.
Suppose L1n is the Banah spae of integrable funtions gn(x1, . . . , xn), dened on the phase
spae R
νn × Rνn, ν ≥ 1 of n-partile system, symmetri under the perturbations of arguments.
The norm of an element gn of L
1
n is denoted by
‖gn‖ =
∫
Rν×Rν
dx1 . . . dxn|gn(x1, . . . , xn)|,
L1n,0 ⊂ L
1
n is a subspae of ontinuously dierentiable funtions with ompat supports.
The following theorem is true.
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Theorem 1. If gn(0) ∈ L
1
n,0 ⊂ L
1
n, n ≥ 1, then for t ∈ R
1
there exists a unique strong solution
to the initial-value problem (1)-(2) of the nonlinear Liouville hierarhy (1) given by
gn(t, Y ) =
∑
P:Y=
S
i
Xi
A|P|(t, YXi)
∏
Xi⊂P
g|Xi|(0,Xi),
where A|P|(t) is a umulant (semi-invariant) of the order |P| (5) of the evolution operators (6).
Äîêàçàòåëüñòâî. Let us show that the expansion (4) is dened in L1n.
Indeed, within the ontext of the orollary of the Liouville theorem [6℄ (isometri property of
operators S|Zk|(−t, Zk)) the following estimate is valid
‖gn(t)‖ =
∫
dY |
∑
P:Y=
S
i
Xi
A|P|(t, YXi)
∏
Xi⊂P
g|Xi|(0,Xi)| =
=
∫
dY |
∑
P:Y=
S
i
Xi
∑
P
′
: YXi=
S
k
Zk
(−1)|P
′
|−1(|P
′
| − 1)!
∏
Zk⊂P
′
S|Zk|(−t, Zk)
∏
Xi⊂P
g|Xi|(0,Xi)| ≤
≤
∑
P:Y=
S
i
Xi
∑
P
′
:YXi=
S
k
Zk
(|P
′
| − 1)!
∏
Xi⊂P
‖g|Xi|(0)‖ ≤ n!e
n+1
∑
P:Y=
S
i
Xi
∏
Xi⊂P
‖g|Xi|(0)‖ <∞,
i.e., gn(t) ∈ L
1
n for any t ∈ R
1
.
Let us prove that the expansion (4) is a strong solution of the Cauhy problem of the nonlinear
Liouville hierarhy (1)-(2).
To do this we rst dierentiate the funtions gn(t) with respet to time with regard for the
point-by-point onvergene. Let gn(0) ∈ L
1
n,0, then inasmuh
d
dt
S|Xi|(−t,Xi) = −L|Xi|(Xi)S|Xi|(−t,Xi),
where the Liouvilian L|Xi| is dened by (3), and aording to (9), for eah xed point Y on any
ompat from R
νn × Rνn , we have
d
dt
gn(t, Y ) =
d
dt
∑
P:Y=
S
i
Xi
A|P|(t, YXi)
∏
Xi⊂P1
g|Xi|(0,Xi) =
=
d
dt
∑
P1: Y=
S
i
Xi
(−1)|P1|−1(|P1| − 1)!
∏
Xi⊂P1
S|Xi|(−t,Xi)
∑
P2:Xi=
S
k
Zk
∏
Zk⊂P2
g|Zk|(0, Zk) =
=
∑
P1:Y=
S
i
Xi
(−1)|P1|−1(|P1| − 1)!
∑
Xj⊂P1
(−L|Xj |(Xj))
∏
Xi⊂P1
S|Xi|(−t,Xi)×
×
∑
P2:Xi=
S
k
Zk
∏
Zk⊂P2
g|Zk|(0, Zk).
In view of the equality
S|Xi|(−t,Xi)
∑
P2:Xi=
S
k
Zk
∏
Zk⊂P2
g|Zk|(0, Zk) =
∑
P2:Xi=
S
i
Zk
∏
Zk⊂P2
g|Zk|(t, Zk),
5
whih follows from (9), we have
d
dt
gn(t, Y ) =
∑
P1: Y=
S
i
Xi
(−1)|P1|−1(|P1| − 1)!
∑
Xj⊂P1
(−L(Xj))
∏
Xi⊂P1
∑
P2:Xi=
S
i
Zk
∏
Zk⊂P2
g|Zk|(t, Zk) =
= (−L|Y |(Y ))gn(Y ) +
∑
P1: Y=
S
i
Xi
P1>1
∑
P2:YXi=
S
k
Zk
(−1)|P2|−1(|P2| − 1)!×
×
∑
Zk⊂P2
(−L|Zk|(Zk))
∏
Xi⊂P1
g|Xi|(t,Xi),
the notation being similar to that in (4) and YXi ≡ (X1, . . . ,X|P|) is the set whose elements are
|P| subsets Xi ⊂ Y .
Sine the following identity holds
∑
P: YXi=
S
k
Zk
(−1)|P|−1(|P| − 1)!
∑
Zk⊂P
(−L|Zk|(Zk)) =
∑
Zi⊂Xi
(
− Lint
|
|P|S
i=1
Zi|
( |P|⋃
i=1
Zi
))
,
where
∑
Zi⊂Xi
is a sum over all nonempty subsets Zi ⊂ Xi and operator L
int
|
|P|S
i=1
Zi|
is dened by
formulas (3), we ome to equations (1). Thus, formula (4) determines the solution of the initial-
value problem of the nonlinear Liouville hierarhy (1) from the viewpoint of the point-by-point
onvergene.
Let us show that the strong derivative of the solution (4), reprodues the generator of the
nonlinear Liouville hierarhy (1) in the subspae L1n,0 ⊂ L
1
n .
For gn(0) ∈ L
1
n,0, in the sense of onvergene norm of the spae L
1
n, we have
lim
∆t→0
∥∥∥ ∑
P:Y=
S
i
Xi
∑
P
′
: YXi=
S
k
Zk
(−1)|P
′
|−1(|P
′
| − 1)!
[ 1
∆t
×
×
[ ∏
Zk⊂P
′
S|Zk|(−(t+∆t), Zk)
∏
Xi⊂P
g|Xi|(0,Xi)−
∏
Zk⊂P
′
S|Zk|(−t, Zk)
∏
Xi⊂P
g|Xi|(0,Xi)
]
−
−
∑
Zi⊂P
′
(−L|Zi|(Zi))
∏
Zi⊂P
′
S|Zi|(−t, Zi)
∏
Xi⊂P
g|Xi|(0,Xi)
]∥∥∥ = 0.
Indeed, within the ontext of the orollary of the Liouville theorem and the group property of
operators Sn(−t), n ≥ 1, (6) we obtain
lim
∆t→0
∥∥∥ ∑
P:Y=
S
i
Xi
∑
P
′
: YXi=
S
k
Zk
(−1)|P
′
|−1(|P
′
| − 1)!
[ 1
∆t
×
×
[ ∏
Zk⊂P
′
S|Zk|(−(t+∆t), Zk)
∏
Xi⊂P
g|Xi|(0,Xi)−
∏
Zk⊂P
′
S|Zk|(−t, Zk)
∏
Xi⊂P
g|Xi|(0,Xi)
]
−
−
∑
Zi⊂P
′
(−L|Zi|(Zi))
∏
Zi⊂P
′
S|Zi|(−t, Zi)
∏
Xi⊂P
g|Xi|(0,Xi)
]∥∥∥ =
= lim
∆t→0
∥∥∥ ∑
P:Y=
S
i
Xi
∑
P
′
: YXi=
S
k
Zk
(−1)|P
′
|−1(|P
′
| − 1)!
[ 1
∆t
[ ∏
Zk⊂P
′
S|Zk|(−∆t, Zk)×
×
∏
Xi⊂P
g|Xi|(0,Xi)−
∏
Xi⊂P
g|Xi|(0,Xi)
]
−
∑
Zi⊂P
′
(−L|Zi|(Zi))
∏
Xi⊂P
g|Xi|(0,Xi)
]∥∥∥ =
6
=∫
dY
∣∣∣ ∑
P: Y=
S
i
Xi
∑
P
′
:YXi=
S
k
Zk
(−1)|P
′
−1(|P
′
| − 1)! lim
∆t→0
[ 1
∆t
[ ∏
Zk⊂P
′
S|Zk|(−∆t, Zk)×
×
∏
Xi⊂P
g|Xi|(0,Xi)−
∏
Xi⊂P
g|Xi|(0,Xi)
]
−
∑
Zi⊂P
′
(−L|Zi|(Zi))
∏
Xi⊂P
g|Xi|(0,Xi)
]∣∣∣.
The last equality is valid beouse the integrand in this expression tends to zero as ∆t → 0
uniformly in Y on any ompat set. Therefore, we an pass to the limit as ∆t → 0 in the
integral. Hene, equality (4) is dierentiable in the norm of the spae L1n. Thus, for the initial
data from L1n,0 ⊂ L
1
n the orresponding Cauhy problem has a unique strong solution that given
by expansions (1)-(2).
4 Properties of the solution of the nonlinear Liouville hierarhy.
We introdue the evolution operator of the solution (4)∑
P:Y=
S
i
Xi
A|P|(t, YXi)
∏
Xi⊂P
g|Xi|(0,Xi) ≡
(
At(g(0))
)
|Y |
(Y ). (10)
For the evolution operator (10), the group property is valid, i.e.,(
At1
(
At2(g(0))
))
|Y |
(Y ) =
(
At2
(
At1(g(0))
))
|Y |
(Y ) =
(
At1+t2(g(0))
)
|Y |
(Y ).
Indeed, for gn(0) ∈ L
1
n, n ≥ 1 and for any t1, t2 ∈ R
1
, aording to the notation (4) and (5), we
have (
At1
(
At2(g(0))
))
|Y |
(Y ) =
=
∑
P:Y=
S
i
Xi
A|P|(t1, YXi)
∏
Xi⊂P
∑
P
′
:Xi=
S
l
Zl
A|P
′
|(t2, (Xi)Zl)
∏
Zi⊂P
′
g|Zl|(0, Zl) =
=
∑
P:Y=
S
i
Xi
∑
P1:YXi=
S
k
Qk
(−1)|P1|−1(|P1| − 1)!
∏
Qk⊂P
′
S|Qk|(−t1, Qk)
∏
Xi⊂P
×
×
∑
P
′
:Xi=
S
l
Zl
∑
P2: (Xi)Zl=
S
j
Rj
(−1)|P2|−1(|P2| − 1)!
∏
Rk⊂P2
S|Rk|(−t2, Rk)
∏
Zl⊂P
′
g|Zl|(0, Zl).
Having olleted the items at idential produts of the initial data gn(0), n ≥ 1, and taking into
aount the group property of the evolution operators Sn(−t), n ≥ 1 (6), we obtain(
At1
(
At2(g(0))
))
|Y |
(Y ) =
=
∑
P: Y=
S
i
Xi
∑
P
′
:YXi=
S
l
Zl
(−1)|P
′
|−1(|P
′
| − 1)!
∏
Zl⊂P
′
S|Zl|(−(t1 + t2), Zl)
∏
Xi⊂P
g|Xi|(0,Xi) =
=
∑
P: Y=
S
i
Xi
A|P|(t1 + t2, YXi)
∏
Xi⊂P
g|Xi|(0,Xi) =
(
At1+t2(g(0))
)
n
(Y ).
Similarly, (
At2
(
At1(g(0))
))
n
(Y ) =
(
At1+t2(g(0))
)
n
(Y ).
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Let us onsider the property of the solution (4) for one physially motivated example of
the initial data that is to say if the initial data for Cauhy problem (1)-(2), satisfy the 'haos'
ondition [4℄, in other words, the sequenes of orrelation funtions have the form
g(0) = (1, g1(0, x1), 0, 0, . . .), (11)
Indeed, in terms of the sequenes D(0), this ondition implies [4℄ that
D(0) =
(
1,D1(0, x1),D1(0, x1)D1(0, x2), . . .
)
,
whih implies that partile distributions are statistially independent at the initial time instant.
Making use of the relation (8), we obtain the initial ondition (11) for the orrelation funtions.
For the initial data (11), the formula for the solution (4) of the initial-value problem (1)-(2)
is simplied and redues to
gn(t, x1, . . . , xn) = An(t, x1, . . . , xn)
n∏
i=1
g1(0, xi). (12)
In this ase the following estimate holds
‖gn(t)‖ ≤ n!e
n+1‖g1(0)‖
n.
In the ase of the initial data (11), the solution (12) of the Cauhy problem for the nonlinear
Liouville hierarhy may be rewritten in a dierent form. If n = 1, we have
g1(t, x1) = A1(t, x1)g1(0, x1) = g1(0, q1 − p1t, p1)
i.e., an expliit expression that desribes the evolution of one partile. Then, within the ontext
of the denition of the 1-st order umulant, A1(t), and inverse to it evolution operator A1(−t),
we an express the orrelation funtions gn(t), n ≥ 2, in terms of the one-partile orrelation
funtion g1(t) making use of formula (12).
Finally, formula (12) for n ≥ 2 is given by
gn(t, x1, . . . , xn) = Ân(t, x1, . . . , xn)
n∏
i=1
g1(t, xi),
where Ân(t, x1, . . . , xn) is the n-th order umulant of the sattering operators Ŝt, i.e.,
Ŝt(x1, . . . , xn) = Sn(−t, x1, . . . , xn)
n∏
i=1
S1(t, xi),
whose generators are determined by the operator Lint(3) in terms of the interation potential of
the system.
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